REGULARITY AND CAPACITY FOR THE FRACTIONAL 
DISSIPATIVE OPERATOR 



REN JIN JIANG, JIE XIAO, DACHUN YANG, AND ZHICHUN ZHAI 

Abstract. This note is devoted to exploring some analytic-geometric 
properties of the regularity and capacity associated to the so-called frac- 
tional dissipative operator d t + (-A)", naturally establishing a diagonally 
sharp Hausdorff dimension estimate for the blow-up set of a weak so- 
lution to the fractional dissipative equation {d, + (-A) a )u(t, x) = F(t, x) 
subject to m(0, x) = 0. 
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1. Introduction and the main results 



This beginning part is designed to describe the principal results of this 
article. 
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1.1. The fractional dissipative equation. For n = 1,2,3,..., a e (0,1] 
and R + := (0, oo), let R| + " := R + x R" be the upper half space of the 1 + 
n dimensional Euclidean space R 1+ " and (-A) a be the fractional Laplace 
operator which is determined by 

(-A) a u(;x) := T-\\t\ 2a Tu(;m*), e R", 
where T denotes the Fourier transform and T~ x its inverse: 

r(g)(x) := (2ny n ' 2 f Rn e-^g(y)dy; 
r-\g\x) := (2nT nl2 f R „ e ix yg(y)dy. 

From the celebrated Duhamel's principle it follows that a weak solution 
u(t, x) to the fractional dissipative equation living in fluid dynamics via the 
so-called fractional dissipative operator L {a) := d t + (-A) ff : 

(L (a) u(t, x) = F(t, x), V(f, x) 6 R| + "; 
jw(0, x) = f(x), \/x 6 R n , 

namely (cf. flUEl), 

ff ., u~L^<p dxdt = - J/ Ri+ „ F<p dxdt - j K „ /(*)0(O, x) dx, e C™(R l + +n ) 
, with 

L^(t, x) = -dtff, x) + ( ^gffl )lim 4 R „ :Lv|>el dy, 
can be written as 

u{t, x) = R a f(t, x) + S a F{t, x), 

where 

R a f(t,x) := e-^" f(x); 
S a F(t,x) := ^ e- (t - s)( - Ar F(s, x) ds, 
for which 

(e<- A r v (;x) :=K { ?\x)*v{;x); 
\K ( r\x) :=(2ny»' 2 f Rn e ix -y-W 2a dy, 

and * represents the convolution operating on the space variable. Here it is 
perhaps appropriate to mention that 

r K?\x) = (4nT" /2 e- M2/m 
• and 

K ( t l/2) (x) = n- (l+n)l2 Y{{n + l)/2)t(t 2 + |jc| 2 )" (1+ " )/2 

are the heat and Poisson kernels, respectively. Of course, T(-) is the classical 
gamma function. Although an explicit formula of K^ a \x) for a e (0, 1] \ 
{1/2, 1} is unknown (cf. H E EE1 El II and US 13 M [TQ CE2 for some 
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related information), one has the following basic estimate (cf. 0/71 [H): 
under a e (0, 1) 

K ( t a \x) * t(t& + \x\y in+2a \ \f(t, x) e R[ + " . 

In the above and below, X « Y means Y < X < Y where the second estimate 
means that there is a positive constant c, independent of main parameters, 
such that X < cY. From now on, a will be always assumed to be in the 
interval (0, 1). 

1.2. Regularity for the fractional dissipative operator. The following 
function space regularity results of Strichartz type, plus 0]|, actually induce 
the research objective of this current paper. 

Theorem 1.1. 

(i) [H Lemma 3.2] // 

[\<p<p< z 7 » ; 

I ft- n—mm{n,2a} 
I I = (^-)fl - -) 

then 

(ii) [fT8l Theorem 1.41 If 

1 < p < p < oo; 
1 < q < q < oo; 

|(i_i) + (f)(i-i)= i, 

Here and henceforth: L^(R") denotes the usual Lebesgue 1 < p < oo- 
space with respect to the space variable x; Lf 2 L p x l (R| + ") is the mixed (1 < 
Pi,P2 < oo)-Lebesgue space of all functions F on M} + +n with 



ll i7 HLf 2 L? I (Rl+») 



J" If 

Jr + iJw 



\F(t, x)\ Pl dx 



P2 
PI 

dt 



< oo, 



where a suitable modification is needed whenever p\ or p 2 is oo; for X = R" 
or R| + " the symbols C°°(X), C~(X) and C(X) stand for all infinitely smooth 
functions in X, all infinitely smooth functions with compact support in X 
and all continuous functions in X, respectively. 

Throughout the paper, for each (to, x ) e R| + " and r > 0, the parabolic 
ball is defined as 

B^ito, Xq) := {(t, x) e R l + +n : \t - t \ < r la & \x - x | < r\ 
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and its volume is denoted by \B%\to, xq)\ « r^ +2a . 

The first main result of this paper appears as an essential extension or 
complement of Theorem ll.il 



Theorem 1.2. 

(i) If p £ [1, oo] and f e L p (M. n ), then R a f is continuous on 

(ii) // 

(pzlhoo); 
1 < q < oo; 
a + ^ = 2a; 
(?o,x )6R| + "; 

< H^llLfLi'(R| + ") < °°, 

?/zen ?/zere exfcfc C > smc/i ?/za? 

exp 



a 1+n 



rr 



QWh 



dxdt < 1 . 



(iii)// 



p G [l,oo); 

1 < g < oo; 

2 + ^ < 2a; 

p q 

(t,x) e R\ +n ; 



") 



then S a F is Holder continuous in the sense that 



\S a F(t, x) - S a F(t , Xq)\ < (\t - t \ *> + \x - XqI 2 " p "WW^p^ 
holds for any two sufficient close points (to, xq), (t, x) e R+ + " 

I. 3. Capacity for the fractional dissipative operator. From Theorems 

II. 1H1.2I we know that it is necessary to estimate the size of the blow-up set 
of the so-called fractional dissipative potential S a F below: 

S[S a F; p, q] := [(t, x) e R l + +n : S a F(t, x) = oo} for < F e L q t V x (R\ +n ). 

To handle this issue, let us introduce a new type of capacity. For a com- 
pact subset K of R l + +n , let 



C^(K) :=inf{||F|| 



pAq 



F >0 & S a F > l K ) 



be the (a, p, ^-capacity of K for the fractional dissipative operator L (Q,) , 
where \ K is the characteristic function of K, p A q := minjp, q}, and 1 < 
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p, q < oo. Moreover, the definition of C^ q extends to any subset of 
a similar way as Definitions 2.2.2 & 2.2.4]. 
Next, for 

< s < oo; 
< d < oo; 
K c R| + "; 

B ( °\ tj ,Xj) := {(s,y) e R| + " : \s - tj\ < rf &\y- Xj \ < r,}; 
(tpXprj) e R + xl" xR + ; 

4> '■ [0, oo) i-> [0, oo] - an increasing function with 0(0) = 0, 
let 



in 



H*- a {K) : = inf ^ <j>(rj) : K c |J *,-); with r, e (0, e) 



.7=1 



7=1 



be the L a -based (0, e)-Hausdorff capacity of K. Then the L a -based </>- 
Hausdorff measure of K is defined by 

H^ a {K) := lim H^ a {K). 

s— »0 

If 0(r) := for all r e (0, oo), then 



( HT{K) ee H"'"(K) 
H^ a {K) = H d < a (K) 
{d\mf{K) := mf{d 



d,a i 



H da {K) = 0}, 



where the last quantity is called the L (Q-) -based Hausdorff dimension of K. 
Below is our second theorem. 



Theorem 1.3. 



1 < p < oo; 
1 < q < oo; 
- + 22 - 2or > 0, 



then 



C%(B%(t , Xo )) 
(ii)// 



(p^)(j+f- 2ff ) 



as r — > & (r , xq) e R + 



1+7] 



1 < p < oo; 
1 < q < oo; 
£ + ^ - 2a = 0, 
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then 

I i \(PA?)(|-1) 

Cf^\t , xo)) * I In -J as r -> & (r , *„) e R l + +n . 

As an immediate consequence of Theorems 11.1 til .2tiT31 we get not only 
three geometric inequalities linking two types of capacity, but also some 
Hausdorff dimension estimates for the blow-up sets which are sharp in the 
diagonal case p = q. 

Corollary 1.4. 

(i) Let S£ X {A) and S£ n (E) stand for the 1- dimensional and n-dimensional 
Lebesgue measures of bounded Borel sets A c R + and B c R", respectively. 
If 

l < p < p < oo; 
l < q < q < oo; 
>:=(pA<7)(J + f -2ar)>0; 

(I - 1) + (JL)(l - I) = 1 

f/zen f/zere is a 8 e (0, 1) swc/z ?/za? 

< Cf q {A xB)< Hf a (A x B). 

(ii) Le? K be a compact subset ofR l + +n . If 

(1 < p < oo; 
1 < a < oo; 
/?:=(pAa)(£ + ^-2a)>0, 

?/zen there is a 6 e (0, 1) smc/i ?/za? 

CjJ(£) < Hf a (K), 

and hence 

dinifl (!B[S a F; p, q]) < n - 2a(p A q - 1) provided n - 2a(p A q - 1) > 0. 

(iii) Let K be a compact subset o/R+ + ". If 

( 1 

l < p < oo; 
l < q < oo; 
- J + 22 - 2a = 0; 
J(r) := (ln + I)"^-^ Vr e R+; 
ln+f := max{0,lnf}, W e R+, 
?/zen ?/zere is a 6 e (0, l) smc/i ?/za? 
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and hence 



H^ a (S[S a F; p,q\) = provided 



n - 2a(p A q - 1) = 0; 
e (r):=(ln + i)-^- e , Vr e 

6 > 0. 



2. Basics of the (a, p, ^-capacity 

In order to demonstrate Theorems ll.2til.3l and Corollary II .41 we need to 
know some basic facts on the (a, p, g)-capacity. 



2.1. Duality of the (a, p, g)-capacity. To establish the adjoint formulation 
of Cp} q , we need to find out adjoint operator 5* of S a . Note that for any 

F,GeC^(R\ +n )one has 

ff S a F(t, x)G(t, x) dxdt = f F(t, x) I [ e ~ is - t){ ~ hY G(s, x)ds) dxdt. 
Thus, S* a G is given by setting, for all (f, x) e 

e- (s - t){ - Ar G(s,x)ds, VG 6 C™(R l + +n ). 



The definition of 5* can be extended to the family of Borel measures 
with compact support in R.| + ". In fact, note that if F is continuous and has 
a compact support in R\ +n and \\ju\\\ stands for the total variation of /u then a 
simple calculation with the equivalent estimate 

K^\x) « t(t lli2a) + \x\T n - 2a , \f(t, x) e R\ + ", 



gives 



JOL 



S a F dn 



< 



|i sup \F(t,x)\. 

Hence an application of the Riesz representation theorem yields a Borel 



measure v on R[ +n such that 



ff S a Fdn= f 

JJr! + " JrI- 



Fdv. 



This indicates that S *ji may be defined by v. 

The above analysis leads to a dual description of the (a, p, g)-capacity. 

Proposition 2.1. For a compact subset K ofR 1 ^" let M+(K) be the class of 
all positive measures on R+ + " supported by K. If 

'1 < p,q < oo; 
< p' = p/(p - 1); 
q' = ql(q - 1), 
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then 

Cg(£) = sup{\\fx\C : fi 6 M + (K) & IIS^II^^ < 1} =: C^ q (K). 



Proof. Since 



one has 



< I J S a F dfi 

JJr|+" 

= ^ FS* a /udxdt 



for any compact set K c R.* + ". Moreover, this last inequality is actually an 
equality - in fact, if 

X = {fi : tie M + (K) & fi(K) = 1}; 
Y = [F : < F e L q t L p x (K +n ) & WW^l^) < l}; 
Z = {F: 0<Fe L q t L p x {K +n ) & S a F > 1 K }; 
EQi,F) = ]J, + „(5»F dxdt = Jfj^ S a Fd/u, 

then an easy computation, along with an application of (2, Theorem 2.4.1], 
gives 

ll^o-Z^H;?' tP' m^ + n\ 

mm = mm sup E(jU, F) 

= sup min E(pi, F) 

FeY ^ x 

mm (Ux)eK S a F(t, x) 
sup — iTFii 

IrPral+ni \\r \\l 



0<FeLl l;'(R' + ») II I Il;'L';(R| + ") 

: SUp \\F\\~l T „ 

FeZ 



(r' + ") 



and hence 



thereby the desired equality follows. □ 
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2.2. Essentialness of the (or, p, g)-capacity. Some fundamental properties 
of the (or, p, g)-capacity are stated in the following proposition. 

Proposition 2.2. 

(i) Cjj(0) = 0. Moreover, under ± K c R\ +n , C^J(F) = if and only if 
there exists < F e L q t L p x (R^ n ) such that 



K c {(t, x) e R[ +n : S a F(t, x) = oo} 

(iii) 



(ii) K 1 cK 2 c R l + +n c£J(*i) < C^(K 2 ). 



for any sequence [Kj}J =1 of subsets ofR" +l . 

(iv) CJ3(Z + (0, x )) = C { pl(K)for any K c Rf 1 an J any x e R". 

Proof, (i) Only the 'iff' part needs an argument. To do so, note that for 
A > the inequality 

Cg({fc x) e R| + " : F > & S a F(f, x) > A}) < r™W\f£^ 

follows from the definition of Cj^. Clearly, this implies 

C™(!B[S a F;p,q]) = 0. 

Therefore, if < F e L q t L p x (R\ +n ) enjoys K c S[S a F; then C^(K) = 
follows from (ii) - the monotonicity of capacity. 

Conversely, if Cf^K) = then taking nonnegative functions Fj such that 

'S a Fj(t,x) > 1, \f(t,x)eK 
and 

JI^;IIl?zar1 + ") < 2 ~ 7 

derives that F = Yi7=i Fj enjoys the required properties. 

(ii) This follows from the definition of (a, p, a)-capacity. 

(iii) The forthcoming argument is standard; see also [fl~l[l6ll3Tl. 

Case 1: p > g. If we choose F ; with S a Fj > 1 on Kj, then F = 
sup =1 2,3,... Fj satisfies S a F > 1 on \JJ =l Kj and 



\\F\\% 



Jooo / oo _ p oo .-.oo I r> \t 

gjj^H (1 |F H * 



So, the desired inequality follows. 
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Case 2: p < q. Now, the Minkowski inequality implies that 



11*11 



i +n) 



< 



< 



Jo 

CO 

I 

7=1 



V \Fj\ p dx 



clt 



\Fj\ p dx\ dt 



whence deducing the desired inequality. 

(iv) This is a consequence of the following implication: 

Fxo(t, x) = Fit, x + jc ) => II^ IIl?lJ(r1 + ") = II*1Il?l';(r; + ")' 
which completes the proof of Proposition 12.21 □ 

3 . Proofs of Theorems I1.2H1.3I and Corollary 11.41 

Now, we are ready to carry out the task as just mentioned in the title of 
Section [3] 

3.1. Proof of Theorem O (i) Let 



(t,x) eR l + +n ; 
(t ,x Q )eR l + + "; 
f G LP(R"); 
P 6 [l,oo]; 
< t\ < t 2 < oo. 



Since K%\-) is of C°°(R' ! ), one has that R a f(t , x) 
C°°(R n ) too. Meanwhile, for x e R" one gets 



,-«o(-A)' 



/(*) is of 



R a fih,x)-R a fit 2 ,x) 



-f 



i-A) a e' t( ' Af fix)dt. 



Note that the kernel K { "\-) of (-A) a <T^" obeys \K) a) (x)\ < (f£ + |x|) 
see also (81 Lemma 2.2 & (2.5)]. So, an application of [8, Lemma 3.1] gives 



Ha), 



-n-2a . 



L~(R") 



(-Af e - t{ - Ar f 
and hence 

\R a f(h,x)-R a fit 2 ,x)\ < 



< 



f _1 

t 2 "P 



Ll'(SL' 



«) for p 6 [l,oo); 



l°°(r») for p — oo, 



LP(R") 



ri f 2 



for /> e [1, oo); 
ln?i - In ?2l for p = oo. 



Putting the above facts together yields 

\R a f(t, X) - R a fit Q , Xq)\ < \R a f(t , X) - R a fit Q , Xq)\ + \R a f(t, X) - R a fit , X) 
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-> as (t, X) -> (t , Xq). 

Therefore R a f is of C(R| + "). 

(ii) Let (t, x) e R| +n be fixed. Then we have 

is«f(/,*)i< r r ^.(^-v)if(5,v)uvJ5=i+ii, 

Jo Jr" 

where 

Jl := / 7 R „^(x-y)|F( S ,y)|J3;^; 
\ll:= yj p ^J(x-y)|F(j,y)|ifydj. 

From the Holder inequality and the assumption j + y = 2or it follows that 



I< f f : - \F(s,y)\dyds 

Jo Jr" 



(\t-s\& + \x-y\) n+2a ' 



.r 

Jo 

£ Flli«H(Ri«) [ f ; — ~z7xt 

VJO I?- S |2 P ^ 9 -1^ 



OlllKR-) J 

< I X — rf5 

I? - s| 2 ' M 



^ll^llL?4W)( ln 7r7) ? • 

Similarly, by using M R - the Hardy-Littlewood maximal function on R, we 
obtain 



Jr Jw 



\t - s\ 

-\F(s,y)\dyds 



(\t-s\& + \x-y\) n+2a 



p \\F(s,-)\\ L P m 
< ZE. — ds 

Jr \t - S\ 2 <"* 
-oo ^_2*-l|(_ r | 



f^Jt-2^\t-r\ \t-s\ 2 " a 



fc=o 

^Yj-ZT, \\F(s,-)\\ L P iRn) ds 

^ (2k\ t - r \)2 Pa X-i^t-A 

— CO 



fe=0 



^\t-r\^M R (\\F(;-)\\ L P m )(t). 
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Via choosing r e (0, t) such that 

\ M r (||F(-,-)IIi|(r-))(0J 

we see that 

et^M R (\\F\\ L P m )(t) 



\S a F(t,x)\ < ||F|| i?L?(R i +n) max 



In 



ii^iil«l?(ri + ") 



2d\ 

9 



Letting r = ^ yields a constant C > such that 



exp 



9-1 

dt 



C\\ F \\L q t L p x 9}* n 

n x, q r 2to mrchfi^^xo 
— ^ — — — ^ 

Jo 

< l/q n+2a-2a/q 

~ 'o 'o 

* 1^0,^)1, 



< rr - ~™ nw>„, dxdt 

Jj>>< 



\\ f \\l1l p ak 1 + + ") 



which completes the proof of (ii). 

(iii) Given a point (t , x ) e R\ +n , let x e R n be sufficient close to x Q and 
6 = \x - x \. Then 

\S a F(t ,x ) - S a F(t ,x)\ 

< f° f \K%l s (xo-y)-K%l s (x-y)\\F(y,s)\dyds 
Jo Jr« 

■ ■ ■ dyds +1 I • • • dyds 

(x ,3S) Jo JR"\B(x ,3S) 

=: I + II. 



Note that 



f° f K%l s (xo-y)\\F(y,s)\dyds 

Jo Js(x ,3<S) 

r°- (2,5)2tt r / \t-s\ n 

* , ' )|F(y,j)|rfyrfj 

Jo Js(^o,3<5) 1? - *l 2ff 

+ f f ( r~~~" )|F0;,5)|JvJ5 

Jr -(2<5) 2 « Jb(xo,36) ^Qt - S|S + |*o - 
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< 



( _ ^ )\\F{;,s)\\ L r m ds 



' \t - S\ 2" 

\W(;s)\\ L P m 

+ I d^ ds 

h -{2S) 2 " \t - s\ 2 i> a 



f 

Jtn- 



l'(p-l) 




P 


(Rl +B ) 


if 




Wt - 




"(p-t ) 


1 +B) (d 


V 




i + ") 6 


q 



f 

Jo 



■/-I 



ds 



ds 



+ \\F\\l1l^ , . 

(26) 2a \t - s\ 2 i>"(i-V J 



£ ll^llz^c 

Thus the first term I is bounded from above as 



I < 




K^ s (x -y)\\F(y,s)\dyds 



JO JB(x ,3S) 



+ 




K%l s (x-y)\\F(y,s)\dyds 



JB(xAS) 



^ H jt7 |lL5'L?fR! + "')l X _ X 0\~ 



1 P . 



To estimate the second term II, notice that 

\VK { "\x)\ < (1 + \x\) 



-n-\ . 



see also (H Remark 2.1]. Using this and the Holder inequality, we have 



II < 




)Q JW\B(xo,36) 
V 



\K%l s (x -y) - - y)||F(y, s)| dyds 



< 



< 




(r^x)(: 



-)|F(y, s)|dyds 



"\fi(.to,35) y \t - s\i° /v (|? - s\2« + \x -y\) n+l 

( — t — )\F(y, s)\ dy ds 



+ 



f f 

Jtn-(2S) 2a JR' 



»\b(x ,3S) (\t - s\ 2 « + \x - y\) n+1 
6 



\B(x ,3S) l X _ y\ 



< 



%-(.2S) 

rto-(2S) 2a , 

6\\F(; 5)11^)1* - rfj 

Jo 



+ 



l|F(-, 5)|| L '; (Rn) 5 ? 

Jt -(26) 2 <* 
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2a{q-\) n 

£ \\ f \\l1l p x <$l 1 + + «)\x - xo\ q "■ 
Thus, we conclude that 



2a(q-\) n 

\S a F(t , x ) - S a F(t , x)\ < WW^p^i^x - xq\ i " . 

Let (x, t\), (x, t 2 ) e R\ +n . Without loss of generality we may assume t\ > 
t 2 , and then write 

\S a F(t u x) - S a F(t 2 , x)\ < C \(e-^-^ a - e-^~ A)a )F(x, s)\ ds 

Jo 

+ C \(e- (h - s)( ' Ar )F(x,s)\ ds 
=: III + IV. 

By using the mapping property of the semigroup, we obtain 

nt\ s 
\(-A) a e- r( - Ar F(x, s)\drds 

ntl-S 
r- l -^\\F(; S )\\ L P m drds 
...s 

(t 2 -s + ry l -^\\F(;s)\\ L P (m ds 

Jr>h -ti r-ti 
(t 2 -s + rT l -£-p\\F(;s)\\ L P m ds 
o Jo 

9-1 

r —~ l ~^dr 

o 

< \h-tx\ l -*-Mw\\i*a&r), 



'tl—S 




Jo Jo 

->(l -tl ntl 



and 



( h - s y£p\\F( S , OIIiKr-)^ 
< \t 2 -h\ x - l -M\F\\qi><&'v 



Hence 



\S a F(t l ,x)-S a F(t 2 ,x)\ <\t 2 -h\ 1 ^ ^ll^lli«i|(Ri«) 
The difference estimates on S a give us that if (t, x) is close to (to, x ) then 
\S a F(t, x)-S a F(t ,x )\ 
< \S a F(t, x) - S a F(t , x)\ + \S a F(t , x) - S a F(t , x )\ 

(il n_ 2ttfa-l) n \ 

\t-t Q \ *2"n+\x-X \ i " III^IIl^(r1 + ")' 
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which completes the proof of (iii). 

3.2. Proof of Theorem [L3j (i) In the sequel, let J3 = (p A q)(* + 2a - 2a). 
Also, assume that F > satisfies S a F > 1 B («> (00) - Then, according to the 
definition of operator S a , the following transform 

A — ,2a 1 

y = -\ 

F ro (s,y) = F(rl a s,r y); 
G(s,y) = ffF ro (s,y), 

enjoys the property S a G > l B w (00) - Thus, 

C (a) (B {a) (0 (TO < \\r 2a F \\ PM - r^\\F\\ pAq 
This implies that 

^(2^(0,0)) < r/C M (B%\0,0)). 

In fact, the last inequality is an equality since changing the order of B] a \0, 0) 
and B%\0, 0) derives 

C^(^f(0,0)) < riC^(B\ a \0,0)). 

Next, we consider the desired equivalence estimate. If F > and S a F > 
1 r \i then, for 1 < p < oo and 1 < q < oo, there exist p and q such that 

(1 < p < p < oo; 
1 < q < q < oo; 
(I_I) + jl(I_I) = 1. 

Consequently, according to Theorem 11.1 l ii) we have 

ll' S '« i7 |lLfL?(BLi + ") ^ H i7 llL;'L?(R| + ")- 

This, along with the definition of C p a) q (-), implies that 

/J < Cg(flf > fo, x )) 

thanks to 

n 2a n 2a 

- + — = - + 2a. 

p q p q 

To get the corresponding upper bound of C p a ^(B^'(to, x )), we consider 
B^(t Q , x ) := {(t, x) e R| + " : \t - t Q \ < (qr ) 2a &\x- x \ < r } 
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for some sufficiently large rj > which will be determined later. Note that 

(t, x) 6 Ef^ih, x Q ) ensures 



n 

Jo Jr" 



K\"]{x - y) 1 B (a) (s, y) dyds 



f f K$Z](x-y)dyds 

J(0,0n{i:|i-f |<(^r ) 2t '} J\y-x \<r 



>-[ f 

J(0,t)n{s:\s-to\<(vro)^}n{s:t-s>^^ri a '} Jly- 



Kf"](x - y) dyds 



KO,t)n{s-.\s-t \<(riror t }r\{s:t-s> , J-^-r^} J\y-x \<r 

for sufficiently small r > 0. According to ITT31 Proposition 1], there are 
positive constants cr and k, depending only n and or, such that 

mf{Kl a \x) : \x\ < crt^} > kT&. 

Under 

(t, x) € B r " (to, Xq); 
\y - x Q \ < r ; 



one has 

\x-y\<\x- x \ + \y - x \ < 2r < 2 
for some large enough rj with 



,2a 



\t - s\ 2a < cr\t - s 



Thus, one gets that if \t - t Q \ < r 2a then 

S " 1 B%Jto,x )( t > X ) 



J(0 



(0,t)n{s:\s-t \<{T]roY a }nis:t-s>(r, 2a -\)2- l r^ ) J\y-x \<r 



, f 



|? - si 2 « dyds 



> cr. 



2a 



holds for some constant c > independent of r . Consequently, 



S a ( B ™^ Yt,x) > 1, V(f,x) e B%\to,xo). 



This gives 



cr 



C%(B%\t ,x ))< 



cr, 



2a 



pAq 



4'L?(R}+~) 
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(ii) For an arbitrarily fixed point (to,xo) e R| + ". Let tq « min{f , 1}- 
Suppose that S a F(t,x) > 1 on B { ^\tQ,x ). Then by Theorem 1 1.2r ii). we 
have a constant C > such that 

( S a F(t,x) V*~ 



exp 



,C||F|| l ? l p (R i + . 



dx dt 



)J 



et^M R (\\F\\ mn) )(t) 
< II 7r=r. ■ dxdt 



ff 



XI q n+2a-7a/q 

On the other hand, as S a F(-, •) > 1 on B^\to, xo), it follows that for a 
constant c > 0, 



<Wo) 



exp 



9-1 



Jjc * > r'^ 2a exp I c ^ in - 1 > r^ 2 ' 1 r H 



which implies that 



\\F\\^m^) £ (in-) 



9 



and hence 

Cf q (B^{t ,x,))>(\n-y {P " q) as r -» 0. 

Next, we prove the converse form of the last inequality. Let 
E := {(*, x) e R| + " : (2r () ) 2a < - * < (2r T &\t- t \^ < \x - x\ < 2}. 
Define 

-, V(t,x)eE; 



F(x,t) := < (\t -t\^ +\x-x \) 2 " 

0, otherwise. 



By using the known estimate below 

K { ?\x-y) 



(m +\x- y\) n+2a 
we see that for each (t, x) e B^(t , x Q ), 

S a F(t,x)= f f K™(x-y)F(y, S )dyds 
Jo Jr" 

' ' -F(y, s) dy ds 



K 



e (\t-s\^ + \x-y\) n+2a 
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Je (\t -s\& + \x -y\) n+2a 

Vo-(2ro) 2ff 



> 



Jt -(2r r Jb(xo 



F(y, s) dy ds 
l*o - s\ 



2)\B{x ,\t -s\^) (|*0 - S\i» + \Xq - y\) n 



+4a 



dyds 



pt -(2r Q Y" r*L 
Jtn-(2r n ) a J\tn- 



Jt -(2r r Jhs (1*0 - + r) n+4a 

M -{2r ) la 



■ drds 



> I l*o-* 

h -{2r f 



J 

J t 

f 

Jtn 



(\t Q - s\- 2 - 2~ 4a ) ds 



•to-(2rof 



> I |f — s\ ds 

h Q -(2r T 

1 



>ln 



(2r )«" 

Moreover, noticing that 2pa > n, we have 

w -(2r ) 2a / ,~ 

l,l,(r + ) j tn _ (2rn)a yj Bl 



f0-(2r )" IJb(^o,2)\B(xo,|< -*|25) (|*0 ~ *l 2 " + 1*0 ~ y\) 2p " 



dy 



qlp 



ds 



< 



< 



r t -(2r y a / r-2 \9IP 

r n-i-2pa dr \ ds 

Jt -(2r r \J|f -i|35 / 

f 

Jtn- 



-fo-(2r ) 2 



(n-2pa)q 

|?o - * | 2 ' ra 



< In- 



)toH2r r 
1 



(2r )«' 

The above two estimates give 



C£(*S?fo,*>)) 



< 



ln-L 



f/Ap 



LfLj(R| + '") 



1 \ i 

< (In — 



(pAq) 



as r — » 0. 



3.3. Proof of Corollary O (i) This follows from Theorem On), Theo- 
rem [Ofc) and Proposition |2.2f iii). 

(ii)-(iii) The comparison inequalities for the two capacities follow from 
Proposition l2.2r hT) and (i)-(ii) of Theorem 11.31 To get the dimension in- 
equality, we firstly keep in mind the fact 

Cfl(S[S a F;p,q]) = for < F e L q t U x ^} + +n ), 

and secondly recall Proposition 12.11 and the following Frostman type the- 
orem (cf. fl2l Theorem 5.1.12]): if (p : [0, oo) h-» [0, oo] increases with 
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(f)(0) = then for a given compact K c R\ +n there is a measure jj. e M + (K) 
obeying ix(B ( ^(t, x)) < <p(r) such that n(K) « Ht a (K). 

Now, let be any compact subset of the blow-up set S[S a F; p,q] and 
be contained in a ball B^\t , x ). Taking < G e L q t L p x (R\ +n ) such that 
S a G > \ on K, we use the dyadic decomposition of a set and the Holder 
inequality to get that if < Rq < 1 A R then 



x) dji(t, x) 



< ff G(s,y) ff K ( t 1 ) s (x-y)dn(t,x)dyds 

JJrJ+" JJKn((s,oo)xR n ) 



< 



ff G(s,y) ff ( ^ — )dfi(t,x)dydi 

J J 1 ' J J jfn((. s ,oo)xR«) v (\t - s 1 5s + \x - y\) n+2a 

ff 

JJr| + "\B<^((o,*o) ( 



ko - s\ 



+ 



(\t -s\^ + \x -y\) n+2a 

rr r( ( ^ K*? JSo ( S ,y)) 



_2ar-^-?. 



<; ? "IIGIIl^r-) 

^ lu(B ( ;\s,y)) 



+ 



JJrifhtoM) Jo r 



<KK)R 

+ 



P ff G^yUB^Xs^dyds-^ 

Jo JJB\ a l(t ,x ) r 



dr 



For p < q,we have 

-«0 



f ° ff GU,yKfl< B) ( S ,y))^i-^ 

Jo JjB%(t ,x ) r 



< \\G\\ 



< ^"'Vlllf^) P ff M^(5,V))JVJ 
Jo ^JJB^(fo^o) 

2 -i r^° i 2 

<i?o^ 5 1|G|| L ^ (R , +n) M^)^ 0(r)?r- 1+2a ~^Jr. 

Jo 



r l+n 



p-l 



(p(r)pdr 



■A+n 
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Meanwhile, for p > q, it holds that 

f R ° ff G(s,yHB^(s,y))dyds-^- n 
Jo JJB% Q (t ,x ) r 

. i- 1 



JO (JJb^Co,*,,) 

<<" niGll^i^M*)- 0(r)5r" 1+2a -— Jr. 

Jo 



/ 



The above estimates induce a constant c := C(/? , p, q, a) > 0, depend- 
ing on R and p, q, a, such that 



(p. 



1 1 I °n- rt +^ Q: 

(f>(r)pMr p a i dr 



Therefore, if 

I L i , t n+2a 

III := <J)(r)pMr ? A « dr < oo, 
Jo 

then by the fact Cg(X) = it follows that fi(K) = 0, and hence H*f(K) 
p(K) = 0. This in turn implies H^ a (K) = thanks to 

Ht a {-) = <=> = 0. 

Consequently, H*'"(8[S a F; p,q]) = 0. 

The remaining is to consider two situations as follows. 

Case 1: n- 2a(p A q - 1) > 0. Under this condition, we choose 

0(r) := r 77 , Vr e (0, oo) & j] > n - 2a{p A q - 1) 

to obtain III < oo, thereby reaching 

dimf(S[S a F; p,q\) <n- 2a(p Aq-1). 

Case 2: n- 2a(p A q - 1) = 0. Under this condition, we select 

<p e {r) : = ( ln+ -) ^ , Vr e (0, oo) & r] e = p/\q + e>pf\q 

to ensure III < oo and thus H^' a (S[S a F; p,q\) = 0. 
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